Pedestrian movement models are used to analyze flows of pedestrians and design urban facilities. Among all the pedestrian movement models, the cellular automaton model is useful because of its simplicity. However, reproduced phenomena are imposed to the mesh size. This paper proposes a new pedestrian movement model, called the Voronoi cellular automaton model, which uses the Voronoi diagram as the underlying mesh. This paper claims that the flexibility of the new model enables us to reproduce phenomena which comes from the local features, such as corners, of the space, where the pedestrians walk.
Introduction
Nowadays we often encounter congestion of people at railway stations, on shopping streets, in amusement parks, and at many other places. Thus we have mental distress, and are exposed to potential danger of incidents all the time. Hence we should design urban facilities carefully in advance of construction to minimize congestion. For this purpose, simulation of pedestrian movement is useful.
Among all the useful pedestrian movement models, the cellular automaton model is one of the most well known model (Schadschneider et al. (2009) ). The space where pedestrians walk is partitioned into square grids, and each cell has at most one pedestrian at a time. The time is also discretized. As the time step advances, each pedestrian moves to one of the neighboring cells if no other pedestrian is there. Otherwise, he/she waits until the cell becomes unoccupied, or detour by moving to another unoccupied cell. Because of its simplicity, the cellular automaton model (CA model for short) is widely used to simulate pedestrian movement. On the other hand, only phenomena which fit the cell size may be reproduced. For example, special care is needed if we want the speed of each pedestrian to be reduced at corners of passageways.
To improve flexibility, Nakamura et al. (2011) proposed a pedestrian movement model based on Voronoi diagrams, which is called the pure VD model in this paper. For the detail of Voronoi diagrams, refer to literature on computational geometry, for example Okabe et al. (2000) . In their idea, each pedestrian is associated with his/her dominant region. The dominant regions are modeled by the Voronoi regions in the Voronoi diagram of the positions of the pedestrians. At each time step, pedestrians take the dominant regions into account, and determine where they should move. In this way, space is treated continuously, and quantitative analysis of pedestrian movements is made easier. On the other hand, the rule which governs where each pedestrian should move may be complicated.
In this paper, a hybrid model of the CA model and the pure VD model, which is called the Voronoi cellular automaton model (VCA model for short) is proposed. The motivation is to improve the flexibility with keeping the simplicity. In the proposed model, the Voronoi diagram instead of square meshes is used as the mesh where pedestrians move. Using the Voronoi diagram, the speed of each pedestrian can be controlled by the local mesh size. Thus phenomena like a pedestrian slows down when he/she gets near to a corner.
Voronoi diagrams and Delaunay tessellations
The Voronoi cellular automaton model uses the Voronoi diagram as a partition of the space where pedestrians walk. This section introduces the Voronoi diagram and its dual planar graph called the Delaunay tessellation briefly.
Suppose that a set of points {p 1 , . . . , p n } ⊂ R 2 called the generators is given. Briefly speaking, the Voronoi diagram is the partition of the Euclidean plane R 2 by the rule which generator is the nearest. More formally, the Voronoi region for p i , i = 1, . . . , n, is defined as follows:
Each Voronoi region is a convex, possibly unbounded polygon.
The intersection e i j = V i ∩ V j with i j is either an empty set, a single point, or a line segment. When e i j is a line segment, p i and p j t are said adjacent, and hen e i j is called the Voronoi edge between p i and p j . By definition, the Voronoi edge between p i and p j is a part of the perpendicular bisector of p i and p j .
A point at which three or more Voronoi edges join is called the Voronoi vertex. By definition, the Voronoi vertex is the center of the circle which passes through the generators around the Voronoi vertex. When there are Voronoi vertices with degree greater than three, the generators are said degenerate. When the generators are degenerate, there exist e i j that are single points.
The Voronoi regions, Voronoi edges, and Voronoi vertices constitute a planar map, called the Voronoi diagram. The Voronoi diagram is uniquely defined given a set of generators. Fig. 1 shows an example of the Voronoi diagram, where black discs represent the generators, and solid lines represent the Voronoi edges. Since exactly three Voronoi edges join at ach Voronoi vertex, the generators are not degenerate.
The adjacency relation defines another planar graph, called the Delaunay tessellation. The nodes of the Delaunay tessellation are the generators. The edges of the Delaunay tessellation is the line segments that link pairs of adjacent generators in the Voronoi diagram. Each face of the Delaunay tessellation is called the Delaunay polygon. If generators are not degenerate, every Delaunay polygon is a triangle. Otherwise, there are Delaunay polygons surrounded by four or more Delaunay edges.
In Fig. 1 , the Delaunay tessellation is also described, where the dashed lines represent the Delaunay edges. Since the generators are not degenerate, every Delaunay polygon is a triangle.
In the proposed model, there can be at most one pedestrian in each Voronoi region, or at the corresponding node. At the next time step, each pedestrian can either stay in his/her current Voronoi region (or at the corresponding node), or move to one of the neighboring Voronoi regions (or one of the adjacent nodes). In other words, the Voronoi diagram is a partition of the space, while the Dellaunay tessellations represents a topological relation among potential positions at which pedestrian stay.
Summarizing the above discussion, if generators are adequately positioned, the Voronoi diagram is uniquely determined, and can be used as the underlying mesh. But why should we use the Voronoi diagram in spite that there might be other possible partitions of the space. One answer comes from the finite element analysis, where simulation is performed on which triangular meshes. In the field, the precision of simulation depends on the shapes of cells: Skinny and thin triangles should be avoided. Therefore, the Delaunay tessellation is usually used as a triangular mesh because it is known that the Delaunay triangulation is as the equilateral triangulation as possible. The Voronoi diagram is an extension of a square grid: When nodes are (i, j) with i, j ∈ Z, the Voronoi diagram coincide with a square grid. So the VCA model is an extension of the usual CA model. In other words, the CA model is a special case of the VCA model, where potential positions at which pedestrian stay are regularly placed. This direct connection also supports the use of the Voronoi diagram.
By this extension, we can introduce flexibility to underlying meshes. For example, pedestrian usually slow down where their view gets narrow, for example, at corners of passageways.
Bubble meshing
In the previous section, we claim that the VCA model is a flexible and powerful model to reproduce pedestrian movements. The Voronoi diagram, or the dual Delaunay tessellation can be constructed uniquely if nodes are placed. The positions of nodes are critical for the quality of the resulting mesh. In this paper, a simple but powerful meshing method, called the bubble meshing Shimada et al. (1995) , is used.
In the bubble meshing, the nodes are considered bubbles. Each pair of bubbles have interaction: If the distance between two bubbles is more than a specified natural length, they attract each other. On the other hand, the distance between two bubbles is less than the natural length, they repulse each other. In this way, the positions of the bubbles are determined by the equation of motion. By simulation, the bubbles move according to attractive and repulsive forces, until an equilibrium is achieved.
In the context of this study, the merit of the bubble meshing is that we can introduce a node spacing function d(x ), which determines the natural length. By the function d(x ), we can control the local mesh size.
Numerical experiments

Mesh construction
As stated in the previous section, we can control the local mesh size by the node spacing function d(x ). In this paper, it is assumed that the node spacing function depends only on how much a pedestrian's view is obstructed, as explained hereafter.
In this paper, we consider the situation in which pedestrians walk from one end to the other one of a passageway with a corner, or vice versa. So flows of pedestrians are bidirectional. Let Ω be the area where pedestrians can walk. In this experiment, a passageway with a corner is supposed as Ω, as shown in Fig. 2 . With the bubble meshing, the Delaunay tessellation for Ω is constructed, as shown in Fig. 2 (b) . Note that each pedestrian can be at the nodes, not in the triangles. The pedestrian positioned at a node can walk along one of the incident edges, and then to the other incident node.
We need a node spacing function d(x ) for constructing meshes with the bubble meshing. In this experiment, the function d(x ) is defined as follows. Suppose that there is a pedestrian at the position x . In this case, there are two possible directions in which the pedestrian walks. Let x be the position at which the pedestrian reaches in one of the two directions after Δt time. Then let A 0 be the sector such that xx is the center line, and the angle is ±δ, where δ = 30
• is used in this experiment. The area A 0 is supposed to represent the area at which the pedestrian pays careful attention when there is no obstacles. Since there is a wall, however, the pedestrian does not have full view on A 0 . So let A be the unobstacled area within A 0 , as shown in Fig. 3 . It is assumed that the standard radius of the bubble at x is
where e = 0.55m in this experiment. Since there are two possible directions in which the pedestrian moves, the node spacing function d(x ) is defined as the minimum of two such radii. Although the definition may be unreasonable, the resulting mesh shown in Fig. 2 (b) seems plausible.
Movement rules
As mentioned in the previous subsection, there are two directions in which pedestrians walk in this experiment. In other words, each end of the passageway plays a start line for the flow of one direction, but a goal line for the flow of the other direction. At each start node without any pedestrian, a pedestrian enters the passageway with the probability of R, where R is a parameter which controls the degree of congestion.
In principles, the rule used in the CA model can also be used in the VCA model: a pedestrian can move forward if there is no other pedestrian ahead. When there is another pedestrian ahead, the pedestrian who wants to move cannot move forward. Otherwise, he/she either waits or moves aside. There are several options here. However, if we do not use an adequate rule, unnatural congestion may be caused. Here, "unnatural" means that the congestion is caused for the reason that there are too many pedestrians, but that a pedestrian cannot use unoccupied node because the used rule is poorly designed.
Let us fix one direction, or consider of one end as the start line, and of the other end as the goal line. Consider of this direction as the positive direction, and of the other direction as the negative direction. The simulation program was implemented so that after all the pedestrians in the positive direction move, all the pedestrians in the negative direction move, and this constitutes one iteration.
For each node v, let s 1 (v) is the length of the shortest path from one of the nodes on the goal line, and let s 2 (v) is the length of the shortest path from one of the nodes on the start line.
Consider a pedestrian who walks in the positive direction at the node v. Let V(v) be the set of all the adjacent nodes. At the next time step, the pedestrian either moves to one node v ∈ V(v), or stays at v. If s 1 (v ) < s 1 (v), then the pedestrian will be able to get nearer to the goal line. Therefore, the candidate nodes at the next time step seems natural to be restricted to
However, the authors experienced that this restriction easily leads to unnatural congestion. Therefore, the nodes contained in
are also considered of as candidates. Among V(v), we can introduce a preference relation, with which each pedestrian tries to move to the best preferred node. In this experiment, we consider two preference relations.
1. The ascending order of s 1 (v). 2. The ascending order of s 1 (v) in N(v) , then the descending order of s 2 (v) in F(v). Now the concrete moving strategy is described. Suppose that we want to determine the positions of the pedestrians at the step k, given the positions of the pedestrians at the step k−1. As mentioned before, the pedestrians in the positive direction move, and then the pedestrians in the negative direction move. At the stage in moving the pedestrians in the positive direction, pedestrians move in the ascending order of s 1 (v). Suppose that the pedestrian at v is to move. In this experiment, we consider two rules.
In the rule 1, the pedestrian at v tries to move to one of the nodes in V(v) in the specified preference relation.
1. If there is a pedestrian in the opposite direction at n(v) before move, the pedestrian at v stays at v. 2. If there is a pedestrian in the opposite direction at n(v) after move, then the next preferred node is tried. 3. If there is a pedestrian in the same direction at n(v) either before or after move, then the pedestrian at v stays at v. Similarly, in the rule 2, the pedestrian at v tries to move to one of the nodes in V(v) in the specified preference relation.
1. If there is a pedestrian in the opposite direction at n(v) before move, the pedestrian at v stays at v. 2. If there is a pedestrian in the opposite direction at n(v) after move, then the next preferred node is tried. 3. If there is a pedestrian in the same direction at n(v) either before or after move, then the next preferred node is tried.
Notice that the difference between the two rules is when there is another pedestrian ahead in the same direction. Pedestrians in the rule 2 want to move more than that in the rule 1.
Comparison in rules
The simulation program was written in the C++ language, based upon a software library called CGAL 1 that implements algorithms and data structures in computational geometry.
The first experiment studies the difference between the rules. The number of pedestrians who entered and exited the passageway are counted, respectively, varying the probability R = 0.025, 0.05, 0.075, 0.1, 0.125. In both the cases, the priority relation 1 was used. The simulation was performed twenty times per setting, and the numbers of the pedestrians are averaged. Fig. 4 shows the results, where the blue and red lines represent the numbers of the pedestrians who entered and exited the passageway, respectively. In each simulation, two hundred time steps were iterated. Note that the difference between the numbers of the pedestrians who entered and exited the passageway represents the number of the pedestrians who remained in the passageway when the final step comes.
The result of the rule 1 shows that even when the probability R is relatively low, many pedestrians cannot reach the goal lines. This suggests that unnatural congestion was caused by the rule 1. On the other hand, the result of the rule 3 shows that most pedestrians can reach the goal lines when the probability R is relatively high. Summarizing the results, the rule 2 is better since the rule 1 causes unnatural congestion.
Comparison in preference relations
A similar experiment was performed to study the difference between the preference relations. The number of pedestrians who entered and exited the passageway are counted, respectively, varying the probability R = 0.025, 0.05, 0.075, 0.1, 0.125, 0.15. The simulation was performed twenty times per setting, and the numbers of the pedestrians are averaged. Fig. 4 shows the results, where the blue and red lines represent the numbers of the pedestrians who entered and exited the passageway, respectively. In each simulation, two hundred time steps were iterated.
In this experiment, we do not notice drastic difference between preference relations. However, the preference relation 2 seems slightly better since more pedestrian can reach the goal lines. Summarizing the experiments so far, the combination of the rule 1 and the preference relation 2 is the best choice. Fig. 6 shows the distributions at some moments when the rule 1 and the preference relation 2 are used. The red circles represent pedestrians who move from the left-lower end to the right-upper end, while the blue circles represent pedestrians who move in the opposite directions. From the figure, we notice that there is a void area in the left-upper part. However, the area is relatively small. On the other hand, there is a big difference from realistic situations, that is, there are several flows of pedestrians intermixed. In reality, we usually make orderly rows, for example, pedestrians keep to the left. This phenomenon results from the fact that our rules lack such human intelligence.
Further observation
Concluding remarks
This paper proposed a new pedestrian movement model, called the Voronoi cellular automaton model, which is a hybrid model of the cellular automaton model and the pure Voronoi diagram model. The Voronoi cellular automaton model is a direct extension of the cellular automaton so that the underlying mesh is not necessarily a square grid. Thus the mesh can be easily adapted to local features, such as corners, of the space where pedestrians walk. The mesh can be easily constructed by just placing the generators. The remaining task can be left to the computational geometry library such as the CGAL.
In addition, rules and preference relations which govern the movement of pedestrians were explored. Two rules and two preference relations were compared, and it is concluded that only one of the two rules is acceptable, but both the preference relations are acceptable since they do not cause unnatural congestion.
